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1. The group S, is the set of all possible permutations that can be performed on the four
numbers 1, 2, 3 and 4, under the operation of composition.

For the group S,

(a) write down the identity element,

(1)
(b) write down the inverse of the element a, where
(1234
“Tl3a2
(1)
(c) demonstrate that the operation of composition is associative using the
following elements
12 3 4 b_1234 d_1234
““l3a21) "Tl2az) T a0 23
(2)
(d) Explain why it is possible for the group S, to have a subgroup of order 4
You do not need to find such a subgroup.
(2)
a ( ' 2 3 4)_ MOps fo  same  elements
| 2 4
z I

> Mmappng of o 1—3
21— 4
3-»2
&1

MUSY  npW MGp LOCUU QRS |
31
4— 2
2—3
1—4

YoP U Wi len 10 ovoles :

o."=(I234-
431 2),
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Question 1 continued

e 1 ossotahwve: O * (o¥¢)- (arv)*cC
axp-[12 34) oxC=[1234)
a9 13} ‘4243}
(a¢L)ec- (A 234\ |oaxloec)- (1 2 3 4)
344 2/ (2 412/

(ax)*c = 0% (b*c)
= Gwovp Sa 1S assouohwe

a  ovoer of goup Sa 18 4! (24)
swice 4128, w15 possicie for 0 Subgmup 4o Nove owe 4 (Logronge's
neo rem)

povt (¢)  explamea Wwow 1o gk WmMPOSthon:
0* b

[A 234\, [12 34)
\3421) \24 31)

Staft v the.  dlemear on gt (b) ,on wnte Oown s mopPwng :
1-2
2= 4
3=3
4-1

nou COhetn vt mese  no-S il,‘hz.ﬁ mop o 0 A

N2 - 4

-4 - 1 n final  peimutonen

323 —>2 eave out migdle  fou

4191 —> 3

aO*b=:=[1 23 4-)
4 1 2 32

s (Total for Question 1 is 6 marks)
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2. Matrix M is given by

6. chavacknshe eq":

~
S5\ Eugmvolucs & Ergenvecrors

53:Tne (uyley- Homiton Thesrem

1 0 «a
M=|-3 b 1
01 a

where a and b are integers, such that a < b

Given that the characteristic equation for M is
M@+ 130 +@=0

where c¢ is a constant,

(a) determine the values of @, b and c.

(©))

(b) Hence, using the Cayley—Hamilton theorem, determine the matrix M

3

aget (m-a1):-0

] (»] O | 0O o
M-a1-|-3 '|-ale '°
0 ] O O 0 1
' O o A 0 0o
M-AI:(-3 b ']-loAP©
o | O O O A4
1-A o (Y
Mm-AT:| -3 oA '
\ o ) a-A
oet(m-21):0
1-A (o) O
oet -3 b-A | =0
\ o ) a-A
(1-a)] b-a 1 | -0 sﬂuml 3 ba| o
1 0-QA o 02\
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| Question 2 continued

(-2 (o- ) 10-2)- (0] + @) [ 310 - ()03 0

- ob-6A-bA+2%- [10]-3]|:=0

3
0b-0A-bA+ A - 1-ava+6A +bA - A +A-30:0

2% (110+)2%-(a 16 rap-1)A-(2a41- ab)-0

x =1

2% - (1#048) A" + (046 +ab-1)A +[3a+) - 6b )-0

\tatb:7F a

oYb: 6

Otb+ ob-1-:13 equote  coefhaents

OQib+ 0b = 14

Ot +ob- 1%

6 + cb:Ix

ob: 3

a:- %l )

%
—G-l'b’6 N xb

grui-6p Y

W -6b13: O

(v -4)Nw-1):-0

bl b:4

"" b:Z a=s’l=4‘ a=+'b=2

b4 o bla -y 6:=2,b4

C': S&-"' = O\\o

- 3()+1-(Wa)

J
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Question 2 continued B2

b. use Cayley hoamlton meorem S8

3 O
___Characknshe  eq” A%-32% 1132 -1°0 can e wallen o5 M - I +13M -T:0 SIS

3

M -Fm  +13m -I-0 3\ s SR
- J

M -Fm +BI-m'-0 "
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on get
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n
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Figure 1

There are three lily pads on a pond. A frog hops repeatedly from one lily pad to another.

The frog starts on lily pad A, as shown in Figure 1.

In a model, the frog hops from its position on one lily pad to either of the other two lily
pads with equal probability.

Let p, be the probability that the frog is on lily pad Al a‘er\n hops.

(a) Explain, with reference to the model, why p, =0
(1) o

The probability p, satisfies the recurrence relation SR

1
Pnt1 = 5(1 —p,,) n>1 wherep =0 e

(b) Prove by induction that, for n > 1 e

2( 1Y 1 3
30 2 3 SRR

©) o
(c) Use the result in part (b) to explain why, in the long term, the probability that the ~~¢_:;'\  /

frog is on lily pad A is 1
. (1)

0. Has 4o hop to dhffeent Wypao to A,

b. Bosis Swp:
wWhen nN-\, P.-

Pssumphon  Step
2 1 1
assume  N=k , Pu: 3 |'E) t3
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Question 3 continued
Nnouchve  svep:
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Pun ) i(" 3‘%) *3)
"\ 12 2] &
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4. (a) Use the Euclidean algorithm to show that 124 and 17 are relatively prime (coprime).
(2)

(b) Hence solve the equation

RIS

124x+ 17y =10
3)

(c) Solve the congruence equation

124x =6 mod 17
2
a. gco 1124,13)
124-313) + 5
13- 3(s)+2
S:=2(2)+1
2:=2(n

g (1% o 114 ont 1T ove  copame

f\
b. 124=-M1F)+5 — s:)124-311F) fom__pa(t (a) _algonthm

11 :-3(8)+2 — 2:-13-313) bul nok maxe e

S =2(2)+1 = 1:5 -2(2) Subject e cemawdes
2 = 2(n

. ¢ " Sub w2

I=s-2 L‘?‘?’“)] as 913-3(78  from Ime @
1-s-2(13) +6(s)

V- 3(s)-2(1)
\- 1[‘14 HM]-20) _ sue w s as "":ig
1: 31 -4a(N -2V e -2D] oo e D X
1= ) -s1 (0

RRRLLLLKS
RRRLLL
S0RHIHKKKS

Peeletete%e%ed
04%&%% $
KKK,
SRRXKS

%%

%

25
QL

124l 1133 - ) ) x 10 S
124 (10) + 13 l-50) - WO 5
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Question 4 continued
c. 1+ + VB =1
V\24a =1 moa '3
124(3) = 1 mod \#
" tuthphiahve wese © T,
124 = 6 moo 13
T *x\WUx=3Fx 6 mo '}
A= 42 mook |3
= 8moot \F
2%
> :0‘0
e
s
RS
.
“2%}
(Total for Question 4 is 7 marks)
J

R A0 T Turn over »
P 6 5 5 0 6 A 0 1 3 3 2 urhove

13



r

3V lou on on ﬂlaond\ﬁ)\ogmmx

5. The locus of points z satisfies

|z+ai|=3|z—a]
where « is an integer.

The locus is a circle with its centre in the third quadrant and radius %\/5

Determine

(a) the value of a,

(C))

(b) the coordinates of the centre of the circle.

2)
o. USE PALGERBRAIC NPPROACH OF EVALUATING LOCT:

l2z+ail= 312-a)
let 2 - x+iy

Warivraail- 3l (xriy)-ol ") Seperate wito

1(20) 4 (aay)id= 3 ) (- @)+ (yni! veal & wwognary pacis
Jiar o) -35 ar's ty) samge Lo Saes
{J(z)*(aw] ) IS) ‘J(z ar’ely) ) remove  sact ¥
(x)* +lany)'- ‘I[ (x-a) *lv)]

%%+ q *Zavw' ‘il 2031+o+v]
o+ at+lay 1yt = A -18ax + Gat 1 Qy*®
8x*-18a 8y*-ay + 80*- O  :3
xt- _'Sa.,_, vl- %n-,w at-=-0

(x- s‘) ge 0"+ ly- gnl ~ gl +d-0
(x-— o) -t(y——a) —a =0
(x- 50) +(y-g0) "= 55

ompletlt e SHuwe
for x & ¥

9 2
v @
z . 2 3,“!1 a
Q svares v= 727" ¥ "i‘)’z.
q 2 a
32272
a*:16
a- ta Y
mphes  (2,y) fvom
— 5 Grele Cenive  Shoudh oe
~ 7 /
j/s‘% -v-e. Values  (botn)
7

Question 5 continued

14
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a N

s 2
wnen a4, (oL-2) +(y-2) - 32 ceave: (3,3)
2 t 9
a”"f, ‘1* %_) *l‘l*%) z Centve: ('%a'%) €~ Wes W 3“’ quadiont

.S 7
o 4
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R85 (Total for Question 5 is 6 marks)
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43 Solvms 1"® Orger Recusronce Retohons|
6. (a) Determine the general solution of the recurrence relation
u,=2u, —u, ,+2" n>=?2
4)
(b) Hence solve this recurrence relation given that u, = 2u, and u, = 3u,
2
a. Assouated nomggenous Yelurience velahon'
un = 2Uq- -Upe
Un- 2L, +U,, - O
- 2¢41:0
(r-0":0
r-1
tomplementary funchon (c-¢):
U - (ﬁ -t’Bn) (‘)n
n
Ty +ne  porhwlor whegrae (PT): Up= 2
9 ' J (n-) n S I n
oy = pa - pla”) ) ar’an
1) -2 )
oz - pa"" pl2)(2Y)- 302
" i ) ST
M A =9(ap&")';p&"+2“ =
S A T an 555
pa": ua”t -3 a2 B
a2 "
= 1
apM = equgmrg welhuents
U
PI:4a(2"
n
ggn SO\ ¢ C F 4 'PI
" n
Un: (P1Bn) (1) + 4 (27)
l"‘. any anEMm, (““ =1 :. gdon't need to mncluae
Un® (R48n) + 4 (27,
. J
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X > RIS KL

i DONOTWRITEINTHISARER

ION00KSS

N
Question 6 continued
1o, fma Uo,U, Uy, Uy
no U (A+1BL)+4a(2°) = A+ 4
nt o us(peaam)safz') - A+Be 8
nz U (A+B@) +4(2) = A+rZB 416
na We(psBm)+a(2’) = Aragrer
Up:=2U,
A+ 4 -2larB+38]
A+4a: 20+ TR+ 16
P+2B--12 (1)
U,-3u,
A+ ap+ 64 - 3[Ar28+16]
Ar4B 164-3n + 6B + 48
La+ T8 =16
n+r =38 (2)
Solve (1) ant (1)  symuitoneously :
A+ TR - -2
N+ =3 ©
B :--ao
P+ (-20)- 8
P=13
A-13, B--20
Un:-(28-20n) + 4(2"),
(Total for Question 6 is 6 marks)
Y J
17
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7. (1) The polynomial F(x) is a quartic such that
F(x)=px*+gx’ +2x> +rx +s

where p, ¢, r and s are distinct constants.
Determine the number of possible quartics given that

(a) the constants p, g, » and s belong to the set {—4, 2,1, 3, 5}
S elementy w1 Set

(b) the constants p, g, r and s belong to the set {—4, -2,0,1, 3, 5}
6 clemems w set

(i1) A 3-digit positive integer N = abc has the following properties

* Nis divisible by 11
* the sum of the digits of N is even
* N=8mod9

(a) Use the first two properties to show that

a-b+c=0

(b) Hence determine all possible integers &, showing all your working
and reasoning.

0. P uwe @n choose 1 of me S ophons
Q we ton choo 1 of the omer 4 ophons
Y we tan ehoor 1 of tre omer 3 gphons
S we an choo A of e oter Z cphons

Sx4x3qxe
=120

b p oo+ pe O _only S choues
q we tan chook 1 of tne omer S ophond
Y we ton chooe 1 0f e omer & ophans
S we an hoor A of the oter 3 ophons

S xSx4x3
300

18

P 6 5 5 0 6 A0 1 8 3 2

11 (Dmbmotoncs

0y

(1)

(2)

C))
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Question 7 continued
wa. N-100a +\0b + C
#V: \p awsioi by 11, aWenoimg  sum of  ohgits 1S dwisiol. by 11
- D-b+C kK ke
10549
0sbf§
Oscs g
(9) - (©) + (4) : 18
mox (a-bic)-18
K=O oYy k=)
G-"v©vi+C==0 orll
HQ: orbec =2m  me 2
W we et G-bic-:|l )} 436 on
Cr+ € N +2b bow  sides
Zm=\1 4+ 3b
-
Mmusr be een fom  FHQ
Howewer M +db —>  ocdd +ewen - ooda
'*"’HO. need  wen
S O-b+C #F||
S 0-b+C =0,
L. 00a10b1C = B (moaq)
0+ b+ ¢ = 8 (mod Q)
0+b4C = 8,13,26  (oomor ke 26 9N max (aresc) - 23
W\t Qb =4 )
2\ J
19
0D OO0 A N O Turn over »
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Question 7 continued

O+rb+c=%,26 (#2 skars has +p be  ewen)

O-b¥C -0

Orbic: 8,26 ®
20+ 2¢ - 3,26

O+C =43

i&r%m& C-b+rC=-0 =2 b:=0+

"4 o 13

b# 13 hos to be  single  ohgit Z
S b 4o «:3'
o+C: 4

L go aough cl bindhons that  roke s possible

SIS
@ Reteleletets:
i&%} %

9%
o%
Y
&
X5

3

o%
(rememoer 0+0) S

+ > Pl

O =N W(n
.g.:?:
N
5%

G
[
2
3
4

K

%
S5
(o003
KL
X KK

<
555
XL
d%e%s

RIS
RSN
050505058 SN

RREHKIL

00000
XX KK

< X
L
X XX
XK KX

%
%

QKK

%
XX
0%

X2
2L

COOX
o3edodes
Rodedels
SK
o Sotededs
D0%e%

iC

o
2
a
R
5

o5
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8. The locus of points z = x + iy that satisty

arg(ﬂ) _T . LOMS €xPLANED

z-2-5i] 3 @ eEND Of @

is an arc of a circle C.

(a) On an Argand diagram sketch the locus of z.

(2)
(b) Explain why the centre of C has x coordinate 5
ey
(c) Determine the radius of C.
(2)
(d) Determine the y coordinate of the centre of C.
(2)
a arg{%—l%*rsﬂ \ - T
A\l
0- 84S . IS /3
//
b: L+3i 2 ( /] \ \
o-3 ' v
(2s) (,5)

n.n
-» 5Mce 3% 7, ne lows 18
e Major e of Wme urete

= afc omwn  anhcloCkuise  from
B8¥si Yo S

L. oo mapomt of (US) ana (8,5)

Ia+8= y) =l'°iu\ . Is,y)
\ a ) |7 7]

“cente of C Wos 2-toordl Sy

22
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Question 8 continued

c(s.y)

We neea to hne

‘e Ui neorem - Ongle Ot dne cemve s 2x e angle of  (weumference

angle

spivt Tangle
wn haif

S\nlg)'%

v: 3/ gald) - 2@

- YOS = 2{?”

(Total for Question 8 is 7 marks)
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A cwee eq" N be wWn¥n as:
(x-S)+(y-v)" (243"

(x-5)Y+(y-v)=- A2
sme wWe koow (2,58) hes on  Girtle Sub 1o Gate eq” anot  fivor V.

(2-)+(s-v) -n
(2) + (s-v)*12
Qxr v.l-lov. +1s- 12

v.5- 10y, + 22- 0

SR [T
R X\

Y-coort Musy e greaks Tvon S, oosed off  of geph (Cemvo_ must he
Nk y: 5-F Major  arc)

y-woorek of @mve of C:S+3)
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9. %
I = sin” 2x dx

0

(a) Prove that for n > 2

(C))

(b) Hence determine the exact value of

z
2 .
64sin’ xcos’® x dx

3)
Q. Iﬂ ’

sm"Z:x ax

NI O |Gy |

sm '2x Sm2a ax

% —— -
]

X

" v
INkgmhon by porks:
wosw 2o Vs swmix ax: uv- v ax
A -2
W -0 sw 2x s X V: " 30082 Gwen W formutoe booklet
ron
© \T
I.:l- 5'1:052:: Sm""zx_' ] %tpsZ X (n-) st 2x Zeasix ax
° [

n
T
. ' 0 ~
1, [Frestex o)} - Fiusleno) sa(20)F] & [oos2xta1) st 2 ostx ax
°
n
T 3
3 2 “
T,-1108-10 |+ Jeos2x tn-n) st 2x ax :
o 0‘0::::
IR
) use_wennty S
T S 4 X1 - gl Oandh vemember W 1§ cos? (2x) ”"’3?23
[ — 07 1o%
In= O+ (I'\-l)_l (\- smtll)s\n""' 2x dx \"%
L 2% %
n
T
YTa- (n—l)j sw T2 - s 2oL dx
¢ | spi wikegml wio 2
n
T
.- (I’i-l)j swm t2x ox - (n-D
L)
In = (“") In_'_ = (“"‘).

Yoo 0Ty Taa -nTa + T,

P 6 5 5 0 6 A 0 2 4 3 2
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Question 9 continued
"lo, - Tag nl,

Taz (n-) = nT, Y\ i 0N bom  Sices

. n-)
1, F 1o

n
z
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Figure 2 Figure 3

Figure 2 shows a picture of a plant pot.
The plant pot has

* a flat circular base of radius 10cm
* aheight of 15cm

Figure 3 shows a sketch of the curve C with parametric equations

x=10+15t-5 y=15¢ 0<t<1
Ldomam gwven 0 use mese by
The curved inner surface of the plant pot is modelled by the surface of revolution

formed by rotating curve C through 2@ 'radians‘about the y=axis

(a) Show that, according to the model, the area of the curved inner surface of the plant
pot is given by

1
ISOnJ. (243r+22+28 - 1) dt

0

3)
(b) Determine, according to the model, the total area of the inner surface of the
plant pot.
C))
Each plant pot will be painted with one coat of paint, both inside and outside.
The paint in one tin will cover an area of 12m’
(c) Use the answer to part (b) to estimate how many plant pots can be painted using
one tin of paint.
(2)
(d) Give a reason why the model might not give an accurate answer to part (c).
1)
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Question 10 continued
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Question 10 continued
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